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L1 — Introduction (FEMEA B ESHE)

Q1 v FEMHELBERM 4

EN: The Finite Element Method (FEM) is a numerical method for solving differential equations by discretizing a continuous
body into a finite number of simple elements, connected at nodes, with the displacement at nodes being the primary
unknowns. This converts an infinite-DOF continuous problem into a finite-DOF algebraic system: KU = F, where K is
the global stiffness matrix, U is the nodal displacement vector, and F' is the nodal force vector.

I AIRITT A RGIE SRR O A IR B BT, WY R, DAY R R AR R, TR B ]
AR A b EAEO e KU = F EUE T . KZ2EWIERERE, U R, P21,

© 5 HFEMMTHI 818 F 2 3R

EN: The correct order is:

. Discretize and select element type

. Select a displacement function (shape functions) within each element

. Define strain/displacement and stress/strain relationships (¢ = Bd, o = De)

. Derive the element stiffness matrix and equations (ke = f B'DB dV)

. Assemble element equations to obtain global equations and apply boundary conditions
. Solve for unknown nodal displacements (K¢ Uy = F; — K. U,)

. Solve for strains and stresses (¢ = Bd, o0 = De¢)

00 9 N »n A W N~

. Interpret and evaluate the results

I (DRSBTS 580 S RS RIRL D X 8 S TERIE A ()
Hele e T R I ARG A — (6) R TT RS —> (DI BRI - @M RERIITFAE S5 R . Pk -1k -3k
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Q3 v KU = F h&/F5H& X

EN: K = global stiffness matrix (assembled from element stiffness matrices); U = global nodal displacement vector (the
primary unknowns); F' = global nodal force vector (applied forces + equivalent nodal forces).

H3C: K= SRR (TR RO ) 5 U= S s e CREACRANR) 5 F= R Rmi (b
I+ ) o

Q4 © FEMBIEHAERITIIE?

EN: FEM provides an approximate solution. The exact solution satisfies the governing PDE at EVERY material point
(strong form), while FEM satisfies it only in a weighted-integral sense (weak form). The FEM displacement field is
constrained by the assumed shape functions. In displacement-based FEM, the model is stiffer than the real structure, so
displacements are underestimated (lower bound).

X FEMUZITUUR . TR MU EPDE (#F) , FEM{UEMIAUIRS B EWE (55780 o (7
HRIFEMwRE (RAGRLFS) , MRANT T USRS i o

Q5 @ 5 (node)FIH Tt (element)F] 5E L

EN: A node is a discrete point in the mesh where displacements (DOFs) are defined and computed. An element is a
subdomain of the structure bounded by nodes, within which the displacement field is interpolated from nodal values using

shape functions.
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Q6 @ HHEMDOPKIE L

EN: A Degree of Freedom (DOF) is an independent displacement (or rotation) component at a node. In 2D plane problems
each node has 2 DOFs (u, v); in 3D solids each node has 3 DOFs (u, v, w); for beams each node also has rotational DOFs (
0).

3G E R AT RS (B ) e ST VTS R2 1 DOF(u, v); = 4ESLAR AT 1131 DOF(
U, V, W); %%ﬁﬁﬁ?gﬁDOF(G)o
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L2 — Preknowledge (Fi&41iR)

Q7 © LRBEM R =X EATT R

EN: The three sets of governing equations for linear elasticity are:

Type Equation Meaning

Kinematic (Geometric) e =Vu Displacement — Strain (6 equations)
Constitutive o =De Strain — Stress (6 equations)
Equilibrium Vie+f=0 Force balance (3 equations)

Total: 15 equations for 15 unknowns (6 stresses + 6 strains + 3 displacements).
3 =RRER—)JU s e = Vur ERSMNE; QA o = De: MBS KT (HookerE
) 5 GOV Vie + £ =0: L. ISR, 1S RA.

Q8 © B/haEfRE

EN: The Principle of Minimum Potential Energy states that among all kinematically admissible displacement fields, the one

that satisfies equilibrium minimizes the total potential energy:
1
I,=U+W==: /
2 Jy
The equilibrium condition is 5Hp = 0. Substituting u = Nd and € = Bd yields the FEM equation Kd = F'.
W30 FERTEIZE AV, (EEEARE (RAERE+INNFAEE) LR/ IMERY AR 2 P&t 01, = 0 —
A u=Nd,e=Bd-#HFEMif Kd =F.

sTadV—/qudV—/uTTdS
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QY 1 HITNIEERRN—BARK

EN: The element stiffness matrix in its most general form is:

k, = / B'DBd4V
V.,

e

40>

where B is the strain-displacement matrix (€ = Bd), D is the constitutive (material) matrix (¢ = Dg), and the

integration is over the element volume.

i3 ke = [BTDB AV 2HIERIEERIER . BRI, DEMEANER. XEFEMETEEYLA
Xz, A RITRI AR e T

Q10 v ALBBHHER R

EN: In FEM, the displacement field within an element is interpolated from nodal displacements using shape functions:
u=Nd

The strain is then: € = Bd, where B is the derivative of IN.

The stress is: o0 = DBd.

HI3C: SREARR—ABAE v = Nd (NERSEGER) 5 e = Bd (BENHSE) ; Mo =
DBd. iXZFEMifE S =2 i .
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Q11 v NIEFFEREAT =%

EN: Before applying sufficient boundary conditions, the global stiffness matrix K is singular (determinant = 0, cannot be
inverted). This is because the structure can undergo rigid-body motion — translating or rotating without developing any
strain or stress. Sufficient constraints must be applied to eliminate all rigid-body modes before solving for displacements.
3 RHEINEBAERET, KEaer ORArd) |, BNSE AR AENRNE CEEI/E AT RN AS) o 70N
SRR 2T AR BRI A AR 5, A RESRARALAS o

Q12 @ MBEIFEME I HAFH " T A"

EN: In displacement-based FEM, the model is stiffer than the actual structure because the assumed displacement field (shape
functions) constrains the deformation. As a result, FEM displacements are smaller in magnitude than the exact solution —
the FEM solution provides a lower bound and converges to the exact solution from below as the mesh is refined. This is
known as the "stiffening effect" of displacement-based FEA. Note: this applies only to displacement-based formulations, not
mixed or hybrid methods.

B3 (S TUFEMIRAE (stiffening effect) , ROAMBGERYTEBREZIR T TR, ML SKBRTE"N" . HIFEM{L
B/ NTRE CREUE) , BERARINER R, XA E M TR AFEM, SRS IEMIASOEAEN -

Q13 @ XIFRIEMES IER AR
EN: A symmetric matrix satisfies AT = A (e.g., K, D, M in FEM). An orthogonal matrix satisfies A7 A = I, meaning

A 1=AT (e.g., rotation/coordinate transformation matrices).

B o ERAERE: AT = A (KD MEREXFRIG) 5 FacslE: ATA =T (nAshrasfiesibe) o R R FREE R
WKLl EIE A R
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L3 — Direct Stiffness Method (B &N|E )

Q14 © PEEETTNIEEIER

EN: For a spring element with stiffness k connecting nodes ¢ and j:

k, = {_kk _zﬂ : {J];} —k {Zﬂ}

Note: a single unconstrained spring has a singular stiffness matrix (rigid-body mode).

4>

1 -1
HR3C: SREEETNIREAERE N K [_1 1 ] FRASRZRSR SR AW EEEFEA TS (MIMARLRS) o

Q15 © EHEMIEERIHAC AR
EN: The Direct Stiffness Method assembles the global stiffness matrix by:

1. Writing each element's local stiffness matrix in terms of its nodal DOFs

2. Mapping local DOF numbers to global DOF numbers

3. Adding (superposing) stiffness contributions at shared DOF positions
For example, two springs in series: element 1 (DOFs 1,2) and element 2 (DOFs 2,3). The global K is 3 X 3 with Koy =
k1 + ko (both elements contribute to the shared node).
HSC: BRI EETA XS N R ST A A BTN R MY R R B e S B R 2 RN B R R . s
RN STERAE N . X R FEMEE FLAAZ IO

Q16 @ SNIBEERERIMER (45%)

EN: Properties of the global stiffness matrix K:

1. Symmetry: K’ =K (from Betti's reciprocal theorem / symmetric material matrix)

2. Singularity (before BCs): det(K) = 0 due to rigid-body modes

3. Sparsity: Most entries are zero — each node only connects to neighboring nodes

4. Banded structure: Non-zero entries cluster near the diagonal; bandwidth depends on node numbering
HC: PORPERT——(DXFRYE GRAKIRIFRIENBett A EFARIE) 5 ()Tt (LAY, FAENVRGLE) 5 O
e CIFRURS T RiERE, RERITR)  @WRE CERTRET XN ALMT, BTy i
F) .

Q17 @ W/ NSRRI TT

EN: The bandwidth of K can be minimized by optimizing the node numbering scheme. Nodes should be numbered such
that the maximum difference between connected node numbers is as small as possible. For elongated structures, number nodes
across the shorter dimension first. This reduces computational cost (solution time oc IN + B 2 where B is the bandwidth).
HSC: AT sl S I AT N 98 o BB AE Y R S5 2R RE N XS TAIRES M, T LS a5 o B/
S TR TRARET IR CRABATFIIELLT N x B?) .

Q18 © FEANCLH N A HITT ¥

EN: Two common methods for applying displacement BCs:
1. Partitioning method (£/|47%1/%1/3%): Partition K into free (f) and constrained (¢) DOFs. Solve K ¥ fU ;= F F—
K U.. Then reactions: F, = K.t Uf + K. U..
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2. Penalty method (& k#%77%): Add a very large number C to the diagonal term K;; and replace F; with C - u; for the

constrained DOF. This approximately enforces U; ~ U;.
HSC: PR E——(DXRITRIBINE . K A B EERZR A R B, SRIBZICTTRRAL, HIRASRR T, Q)&%
% (GTEREGR)  AEZVR A A R A ITR B KEC, FHESCE ST, BRI RS 5%

Q19 @ LR /E KA IERE?

EN: After applying sufficient boundary conditions to eliminate all rigid-body modes, the reduced stiffness matrix K ff
becomes positive definite (XTK 7£X > 0 for any non-zero X). This means: (1) the matrix is invertible; (2) the strain energy
U= %UTKU > ( for any non-rigid-body deformation; (3) Cholesky decomposition and other efficient solvers can be

used.

WS HBRNIARISE, Krp IEE——EMEER MR EEN AR (U > 0) , A, w] f]Cholesky s 5
JTERRCR R IEEVEA R AR ME— PR fRILE

Q20 © X AKHHE

EN: After solving for unknown displacements U £, the reaction forces at constrained DOFs are:
F. = chUf + K.U.

For zero prescribed displacement (U, = 0): F, = K. Uj.

HI3C: 0 = 29K BRI BT x BT AR . RN NE, W = KepUy (SR R0 fE
) .

4D
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L4 — Truss Problems (FF/H7ZREATT)

* TR AE R

EN: For a 1D bar element of length L, cross-sectional area A, and Young's modulus F':
EAT1 -1
k, = —
L |-1 1

s —HEFE R EA { 11 ﬂo EA/L PSR . TEROF 2 TE 0 AR b R

40>

Q22 @ HHITTARERZA 412

EN: A bar/truss element can ONLY carry axial forces (tension and compression). It CANNOT resist shear forces or bending
moments. Each node has only translational DOFs along the bar axis. If the structure is subjected to transverse loads, a truss

model alone is insufficient — beam or frame elements must be used.

EP?C FETCARER ST R, ANRERS BT RIS A ST RUUE RT3 H . R e R8T, ©
I FH 2L BT BB SR LT

Q23 © FFEITH REIBAE R

EN: For a 1D bar element, the linear shape functions are:

Ni(z) =1-1, Nj®)=1 =

The strain-displacement matrix B (1x2) is:
1 1 a
B=[-1 £ v

Since B is constant, straine = Bd = % ;u’ is constant within the element.

3 WERN; =1 —=x/L, Nj = x/L () ; BRER [—1/L, 1/ L] 85— HTi . i
FICHI AL = Wi A% 22K o

Q24 © —ZEMTERAIR R IR
EN: For a 2D truss element oriented at angle 6 from the global X-axis, define direction cosines ¢ = cos 6, s = sin 6. The

element stiffness in global coordinates (4x4) is:

c? cs —c2 —cs o
I EA | cs s2 —cs —s2
T L |- —es P cs

- 2 2

cs —s2 e¢s s v

where ¢ = (:L‘j - iL'i)/Ly § = (yj - yz)/L

HSC: sy r%&@? ¢ = cos 8, s = sin O ¥ A AR NI EEAR B B 4 JRj A br o 2RI EE LI hdxd (FEY 2
DOF) , & CQa CS, 3 Tilo AR i - kglobal =TT klocalT

Q25 @ BT KA

EN: For a bar element with distributed axial load g .73) the equivalent nodal forces are calculated using the shape functions:

a
/ NTq¢(z) dzx =
v



2026/6/26 19:42
; ge _ Jab/2 .

For uniform load q: £f¢ = {q L2 (equal split).
CL?/6
CIL?/3

. . L
The total equivalent force equals the total applied load ( fO q(x) dx).
H3C: S pUnE RS R £f = [NTqdz. i 45 &M LIRS, 2/345iL .
SR RIR AT SRR T (R0 .

For linearly varying load ¢ = Cz: f = { } (173 to left, 2/3 to right).

Q26 1 WrSPEER

EN: For convergence of FEA, two requirements must be satisfied:
1. Completeness: The shape functions must be able to represent rigid-body displacements (constant terms in the
polynomial) and constant strain states (linear terms). This is verified by the patch test.
2. Compatibility: The displacement field must be continuous across element boundaries. For bar elements, this means C' 0
continuity (displacement continuous, but its derivative — strain — may be discontinuous).
Together: Completeness + Compatibility — Convergence (as mesh is refined).
0 S R B ——(D)E & TRRERERTR IR (A0 AR R (Zettul) , sl sy Jrisdde
BoiiE; MANE: B AERIT FESE . FHATTIECOES: (M Ts:, SRUNAIANESL) o SER A TRE—
WSl

Q27 @ C°vs C' &4
EN: Continuity classification for FEM elements:

e C° continuity: The field variable itself is continuous across element boundaries, but its first derivative may be
discontinuous. Examples: bar elements, plane stress/strain elements, 3D solid elements. (Displacement is continuous,
strain/stress may jump.)

o C! continuity: Both the field variable AND its first derivative are continuous across boundaries. Example: beam elements
(both deflection v AND slope @ = dv/dx are continuous).

30 CORZ— R AR SRS, AW SEOTHE (FFERIT: Bls:, WAEAELS) ; CiEs— Lkt
NH—Yr SEEES: (WRETT: REMEAMEELL) o HKirchhoffFliE R C ESE

Q28 © RREMELIRKHK (HH)

EN: The beam element uses a cubic (3rd-order) polynomial for deflection:

a
v(z) = ap + a1z + azx® + azx® -

This is exact when no distributed load acts on the element (E T d*v / dz* = 0). However, under a uniform distributed load
q, the exact solution is 4th-order (v X z* term from integrating q / E four times). The cubic FEM approximation is

therefore NOT exact for distributed loads — the solution matches exactly only at the nodes, while interior points have some

CITor.
S0 A S RN AR R SRS . TCAMT AT = SRR, AT, R R
(FH EIV" = q, B4 o ), FEMIY = RIRURUTEL, RAEY S ICRT . it i R bt .

Q29 v RETLEH TR

EN: For a beam element under uniform transverse load q:
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qL/2 — v -
©=\ qL/2 (< v
—qL?/12) 6, v

These are the fixed-end forces: shear gL /2 at each end, and moments qL? /12 (counter-clockwise at 4, clockwise at 7).
Sign conventions depend on the local coordinate system.

3 i, R = {qL/2,qL? /12, qL/2, —qL? /12}. Wrreer L Wi 5]
1, WA qL? /12, SRSk T AT 4

Q30 @ RETTEHN RASERSIHX A

EN: A critical distinction in beam problems: when computing reaction forces at supports after solving for displacements, the
effect of equivalent nodal loads must be properly accounted for. The total reaction = stiffness contribution + equivalent load

contribution.

Specifically, for a beam with distributed load g, the element equation is k. d, = f,,; + feq,

vector. When computing reactions at constrained nodes, the fixed-end force contribution at that node must be included.

RS o SRS R I, AN RER EE AL A I TRk, SN ST R A S BRAR T e BRI
A HAT RN A ERCT UG, XS U S T I . AT R S SE, BME AR R,
i JZ TN

where £, is the fixed-end force

Q31 v REHIEN A
EN: The bending normal stress in a beam is:
My a

g = — T ;
where M is the bending moment, ¥ is the distance from the neutral axis, and I is the second moment of area. The negative
sign indicates compressive stress on the positive-y side when M is positive (conventional beam sign convention).
F3: o= —My/I, MEZH, yEEFEMIEE, TREmeEE. 75 F0R ESMR LR TR (ST
RAE) o

Q32 @ “FHIELRETT

EN: A 2D frame element combines axial and bending behavior. Each node has 3 DOFs: {ui, Vi, Gi}. The element has 6
DOFs total. The 6x6 stiffness matrix is assembled by combining:

o Axial stiffness (F'A / L terms at DOF positions 1 and 4)

o Bending stiffness (12E'I/L3, GEI/LZ, 4FE1 /L, etc. at DOF positions 2,3,5,6)
The full matrix is given in LS course notes. For 3D frames, each node has 6 DOFs (3 translations + 3 rotations), requiring a
12x12 stiffness matrix including axial, torsional (GJ / L), and bending in two planes.
WL SPRIEZEEATC = AFEROC CHiR) + T Gl AG, FN3DOF (u,v,0) , L6l =4S
TR 61" DOF (3Pai+3/4M k5 | JLI2x12RIEHERE (i1 GJ [ L+ i)

Q33 © REHEmstE
EN: When a hinge (pin connection) exists within a beam, the bending moment at the hinge is zero and the slope is

discontinuous. To model this:

1. Static condensation: Eliminate the rotational DOF at the hinge from the stiffness matrix. For a hinge at the right end, the

condensed stiffness matrix reduces from 4x4 to 3x3.

2. Hinge element: Use a specially derived element with the zero-moment condition pre-applied.

10
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The condensed stiffness for a beam with hinge at right end (DOFs: v;, v, Hj):

1 L -1
k=3Bl 1 g
L3
-1 —-L 1
X SRERSHENE, HAAES. T R MR EERIH A BRI S B . A R R R BTN
ME4EER 1330

- >

d4

L7 — 2D Problems (—#&[a]fH)

Q34 v PN ST vs I IR

EN: Plane stress applies to thin structures (plates with in-plane loading):
e Condition: 0, =7, = 7,, =0
e BUT ¢, # 0 (the plate is free to contract/expand in thickness)
o Typical application: thin plates with in-plane forces, thin-walled structures
Plane strain applies to thick/long structures (cross-section of long bodies):
o Condition: €, = Yz, = Yy = 0
e BUT 0, # 0 (constrained in the longitudinal direction)
o Typical application: long dams, tunnels, retaining walls, shafts
WL 4 B s ——FE N S (R o, = 0MHe, # 0, WA MR, AT mNEaT; sy
B (KEER) e, =00, #0, JAUzsyR, AT BE. 2E85%. B DEMAR!

Q35 © P B IDAER

EN: Plane stress constitutive matrix (3x3):

I © O

1—v

14
1
0 =

4 @G >

Stress and strain vectors: & = {0’13, Oy, Twy}T, € = {695, Eys ’yw}T.

Hic: PR SIDAERE (3:3) , BTk E/(1—v?). MRS RSN (0, = OFFLURHIED .

Q36 © FHEZEDAER

EN: Plane strain constitutive matrix (3x3):

4 @G >

1—v v 0
D= B v 1—v 0
0 0 5

Alternatively: use the plane stress D-matrix but replace F/ with £/ = E / (1 - I/z) and v with v/ = v / (1 — l/).

3 CPHIEDAKE (3:3) , B B/[(1 4+ v) (L= 2v)]. b0 1 — vifidel. S B —
E/1-1vY)v—v/(1-v).

Q37 © —#HNEF-NBRER

EN: In 2D (plane problems), the three strain components are:

11
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L_u v u .
et Y ey Y ay oz v
In matrix form:
Ex 2 0 o
- 46
Vzy 5% aiz ° !
MG A EE € = Ou/Ox, €y = Ov/By; W Yoy = Ou/Oy + Ov/Ox (TR, K
AR

Q38 v CSTENZE=MA

EN: The Constant Strain Triangle (CST, T3) is a 3-node triangular element with linear displacement functions:

a
U =ai+ax + a3y, vV =a4+ a5+ agy v

Since displacements are linear, their derivatives (strains) are constant throughout the element. The B-matrix is constant:
k. =tAB'DB =

Advantages: Simple derivation; good for complex geometries.

Disadvantages: Low accuracy (constant stress); overly stiff in bending; requires dense mesh for good results.
30 CST (WMAZA=MIE, T3) @ 3R, MBLIE - BMANFE (A HEAE") o Jim: FfR. JUTERE
B G REECIG. AR REE. AR, W ke = tABTDB, THRAUEFS .

Q39 1 CSTIEEEH—Hr35

EN: For a CST element, shape functions are:

N, - cit izt iy =
' 24 v
where A is the element area, and 3; = Yi = Ym:Yi = —(:L‘j - :L‘m) (cyclic permutation).

The first derivatives O.N; / or = ,BZ / (2A) and ON; / 8y =Y / (2A) are constants. Therefore, the B-matrix is constant.

For a quadrilateral element, the derivatives O.V; / Ox and ON; / 8y involve J ! (Jacobian inverse), which generally varies
with position — derivatives are not constant.

W3 CSTHYR BT EURHEL (NARBZAE) 5 PRI HRITHIY A H0E i Jacobian i A M AL e i3 21, B BAR
£, NEFH. X" =AIVFENAL, MBEAEE MR/ R .

Q40 @ CSTHEBRRS S

EN: CST advantages: (1) Simple formulation — easy to program; (2) Good for complex geometries — triangles can mesh
any shape; (3) No numerical integration needed; (4) Good for preliminary/quick analysis.

CST disadvantages: (1) Constant stress/strain — poor accuracy in regions with high gradients; (2) Overly stiff in bending —
requires very fine mesh for beam/plate problems; (3) Lower accuracy per DOF compared to quadrilateral or higher-order
elements; (4) Not suitable for stress concentration regions (holes, corners).

Recommendation: Use CST in areas with small strain gradients, mesh transition zones, or quick preliminary analysis. Avoid
CST at stress concentrations — use higher-order elements or very fine mesh.

G e R JUAE SR TEHREER G . SR WO AR SRR AR .
U WASERE/INMEICST, BB rpAb s B B TT BN A R A%

Q41 @ R —ZE BT LS

EN: Comparison of 2D element types:

12
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Element Nodes Displacement Strain Stress

T3 (CST) 3 Linear Constant Constant

Q4 (Bilinear Quad) 4 Bilinear Linear (varies) Linear (varies)
T6 (LST) 6 Quadratic Linear (varies) Linear (varies)
Q8 (Quadratic Quad) 8 Quadratic/cubic Quadratic Quadratic

Rule of thumb: For the same number of DOFs, quadrilaterals generally perform better than triangles. Higher-order elements
give better accuracy per DOF but have higher bandwidth.

3 T3 CREVAZ) Q4 OWZME, RARKMEAL) « T6 (fufs —ik, MARLRMEAL) « Q8 (frfs =ik, MAZ—
W) o EIRIEN: FFEDOF T, WAL T =MIF; @ Bk B s HA S8 5 K.

Q42 @ ~TATH B3I T o AR PR 3% A Y
EN: Plane stress is appropriate for:
¢ Thin plates with in-plane loading (thickness < in-plane dimensions)
e Thin-walled pressure vessels (membrane stresses)
o Sheet metal forming analysis
e Web of an I-beam (local analysis)
Plane strain is appropriate for:
e Very long/thick structures with uniform cross-section
e Dams, tunnels, retaining walls
e Cylindrical rollers under compression
o Soil/geotechnical cross-sections
HRSC: SRR AR A IR R G ORI PRI AR
FIBRIE: RS AR T2 AL R

SIS TSN R e N | N S s T

L8 — Axisymmetric Elements (HIXFREIT)

Q43 @ HXIFRAGIU LB
EN: For a problem to be treated as axisymmetric, ALL four conditions must be satisfied:
1. Geometry — the structure is a solid of revolution (rotationally symmetric about an axis)
2. Material properties — axisymmetric (same in all circumferential directions)
3. Boundary conditions — axisymmetric (no variation in &)
4. Loading — axisymmetric (no variation in 0)
If any condition is violated, a full 3D or other simplified model must be used.
HSC: BIFRL TR LT APk SRS S PS5 T AR BRI o AR AR AN B RETRTAL Rt
PRI, BANZER: B EE. AR [RIER.

Q44 © HXIFRAAR RS

EN: Axisymmetric problems use cylindrical coordinates (T', 0,z ) Due to axisymmetry:
90)
00

e vp = 0 — no circumferential displacement

= 0 — nothing varies with circumferential angle

o Displacements are functions of 7 and z only: u = u(r, 2), w = w(r, 2)

13
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HSC: FEARAE (7,0, 2) . SRS O(+)/00 = 0 (TEAREOE(L) , vg =0 (BHRAMFE) o MBACHTRIZH
BREL, RBIA3DIER2D (2P ) .

Q45 1 AN g = u/T

EN: The distinguishing feature of axisymmetric problems is the hoop (circumferential) strain:

u a
50 = — -—
T v
where u is the radial displacement and 7 is the radial coordinate. This strain arises because radial expansion/contraction
changes the circumference. The axisymmetric strain vector has 4 components (one more than plane problems):
e=1{ %
€
ez ) v

FRSC: SRR AR A PR AR AE
Ao (ILFHEREZEZ T €9) o

HIRAE €9 = u/To ML, FHRBE RS HRFRAE4 R

Q46 1 3 KU AR TT AR T AR BT

EN: Although the 3-node axisymmetric element uses the same shape functions as CST in the 7-2 plane, it is NOT a constant
strain element. The hoop strain €9 = u / 7 contains 1 / 7 terms (through the shape function IV; / r= (ai + Bir +

"yiz) / (2AT)), which vary with radial position. Therefore, the B-matrix is not constant, and the strains vary within the
element. This is a common exam trap.

S0 A3 U FR BT AR I B R CST =T, (AR AT Kl eg = u/r &4
L/r 3, SEBREMErEL, MR REE. X5 FECSTHA KX .

Q47 © HXFRDIER (4x4)

EN: The axisymmetric constitutive matrix (4x4):

1—v v v 0 a

B E v 1—v v 0 |
1+v)(1—-2v) | V v 1—-v 0

0 0 0o L v

Corresponding stress and strain vectors: {O’T, 0,,0p, Trz}T and {Er, €,,€0, 'yTZ}T.

w3 BSFRDAEME bax4, & (1 —v)/(1+v)(1 —2v)) FF (S3DFEEER) .

Q48 @ HXIFRNI BRI rhi 277

EN: The volume element in axisymmetric coordinates is dV = r dr df dz. Integrating over € from 0 to 27 gives:

dV =2nrdA (where dA = dr dz is the area in the r-z plane)

Therefore, the element stiffness integral for axisymmetric elements is:

k. = / 2rr BTDB dA
A

e

40>

This is fundamentally different from plane problems (¢ dA). The 7 inside the integral makes analytical integration difficult,

so numerical integration is generally required.

WSO B RRINI R 2 (RSS2 SFIET A £) L ARoE dV = 2rr dA. SXAEISMEY v B
FRIEBAEFEIL AL, Bt AR R R BRI, W 2B ER .
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Q49 @ HIXFRS FPHEICSTHATEXT L

EN:
Feature Plane CST 3-Node Axisymmetric
Coordinate system -y (Cartesian) 7-z (Cylindrical)
Strain components 3(21 €y Vay) 4 (adds €¢)
Hoop strain None €g=u/r
D-matrix 3x3 4x4
Strain variation Constant NOT constant (1 / 7 terms)
Volume element tdA 2nr dA
Numerical integration Not needed for CST Generally required

3 RXXHRREDE AR BRI TR, AN, B 2mr.

L8 Practical — BB

Q50 @ K55 (Aspect Ratio)
EN: The Aspect Ratio is defined as:

longest dimension

4>

A t Ratio =
spect [atlo shortest dimension

As the aspect ratio increases, solution accuracy decreases. The effect is most severe in regions of high stress gradient. In

regions where the stress gradient is nearly zero, a larger aspect ratio may be tolerable. The ideal aspect ratio is close to 1.

*X'%%%=%&Rﬁ%ﬁﬁﬁ RTEHBOR, A OB B9 B R ) DX B OBAURR . AT 9 bz
o PEBEGITIRACTE . IR AR EGL MY HTT

F WAL EATE T N?

EN: Nodes (and mesh lines) must be placed at:

1. Geometric discontinuities — abrupt changes in geometry, thickness changes, corners

2. Loading points — concentrated forces, distributed load start/end

3. Material interfaces — changes in material properties

4. Boundary condition changes — transitions between different support types

5. Stress concentration regions — holes, notches, sharp corners, fillets
W0 TR EAE: JUASRARAL . BT R ARSI RS AL ORI (L. M A .
FEAE PR ZUAL IS I A o

Q52 @ RIFBATTERER I i B ITAC

EN: When connecting different element types (e.g., plane elements with beam elements), the DOF compatibility must be
carefully considered. Plane elements have only translational DOFs (u, v), while beam elements also have rotational DOFs (6
). A direct connection means the plane element cannot transmit the moment associated with the beam's rotational DOF.
Solutions include:

o Constraint equations linking DOFs

e Transition elements

e Avoiding direct connections (use consistent element types throughout)

15
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3 SR EOC A EDOF (U, v), RHITIAA R EIDOF(0). BN, SEE BT REL S RIS iy
e GO HERHIT. s BT R OB A R LA ORI

Q53 1 MFRMERGE AR %

EN: Symmetry can be exploited to reduce model size when ALL of the following are symmetric:

1. Geometry

2. Material properties

3. Boundary conditions

4. Loading
Symmetry BCs: On the symmetry plane, the normal displacement component is zero; tangential displacement is free.
Reduction: One symmetry line — half model; two orthogonal symmetry lines — quarter model.

., CAUTION: Do NOT use symmetry blindly for vibration and buckling analysis. Symmetric structures can have anti-

symmetric mode shapes that would be completely missed by a symmetric model.

B3 i PNE LT AP BCy #A) #FRABEF IS FRIE . XIFRIEIBC: ¥EAAIFE=00 —XSFRZai:, W
IESSNTREINZEN 73— IR I ARER HIXIPR, Sl SO s !

Q54 @ # /185 (Static Condensation)

EN: Static condensation is a technique to eliminate internal DOFs without losing accuracy, reducing the system size. Given

partitioned equations:

|:Kaa Kab:| {Ua} _ {Fa} :
Ky K| |Up F, v

Where a = external (retained) DOFs, b = internal (condensed) DOFs:

-1
U, = Ky (Fy — K5 U) 3
Substituting back gives the condensed equation:

_ _ a
(Kaa - Kabeblea)Ua =F,— KabeblFb v

Common use: condensing interior nodes of subdivided quadrilaterals, creating superelements.
HSC: O BERE I N AR B B s N TR, (RIS . W TIH R IR A R (A =P -5
WA ) o RSN Kaa — KoKy Koa #152Z000 B

Q55 © F&#y(Substructure) E 48

EN: A substructure (superelement) treats a portion of a structure as a single component. The interior DOFs are condensed to
boundary DOFs via static condensation. Advantages: handles large problems, different teams can model different components,
partial redesign requires only partial reanalysis, efficient for local nonlinearities. Disadvantages: increased file management,

approximate for dynamic problems.

W3 TE = R RGBS B AAIL", N HEBDOFEER I HDOF. i 1E& RS "5
TR REMESCA T ER AR Bl SUFEEAE 2% S A I .

Q56 1 HFRTTAER =KIRERI
EN: The three major errors in FEM:

1. Discretization Error (BJE{IRZ) : Error from replacing the continuous structure with a finite number of elements.

Decreases as the mesh is refined.

2. Modeling Error (E#%iEZ) : Error from idealizing the physical problem — geometric simplifications, material model

assumptions (e.g., linear elastic vs. plastic), boundary condition idealizations.
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3. Numerical Error (¥{EHi%Z) : Error from finite-precision computation — round-off error, numerical integration error
(insufficient Gauss points), error in solving linear systems.
B3 (DEHURZE— AT E B ARSI, MRGBOHIRZZROK ()R 22— B (R A AR AT SR ) R
7 (U wPRMBI. SRR ) 5 OBUEIRE—— TR AR SBI S AR E . BUERMRE. 7
RESRAFIRZE

Q57 1 MW S (Mesh Convergence)

EN: Mesh convergence is a measure of the number of elements required in a model to ensure that the results of an analysis
are not affected by changing the size of the mesh. The procedure: (1) create an initial mesh; (2) refine the mesh; (3) compare
key results (displacements, stresses); (4) if results change significantly, refine further; (5) when further refinement produces
negligible change — convergence achieved.

HSC: PRI . BB IR MRS, RS RE TAUE, ATHRERIRS RO N AR . ARafEfi:: nis—
PN —EH RS RAE . ARIWEOE T LY SR o

Q58 @ h-refinement vs p-refinement

EN: Three types of mesh refinement:
1. h-refinement: Reduce element size h — increase the number of elements. Most common approach.
2. p-refinement: Increase the polynomial order p of shape functions on the same mesh (e.g., CST — LST). Improves
accuracy without changing the mesh.
3. r-refinement: Reposition nodes while keeping the same number of elements and DOFs — concentrate nodes in high-
gradient regions.
4. hp-refinement: Combination of h- and p-refinement — produces the best convergence rate.
3 bt (FE/NERITRSE) o p-difl GRETEREN )« gt (BT RME) « hp-2ifh (HATE, 18
feth) o FEMUCSLIE M fh- A i o

Q59 @ FEMJ 1/ 2R BRI
EN: In displacement-based FEM:
1. Displacement has the highest accuracy and is continuous across element boundaries.
2. Strain and stress have lower accuracy (derived from displacement derivatives) and are generally discontinuous across
element boundaries.
3. Stresses/strains are most accurate at Gauss integration points (superconvergent points).
4. Nodal stresses are obtained by extrapolation from Gauss points or by averaging (stress smoothing) from adjacent

elements.
5. Simple averaging: op — % E O'g) or area-weighted averaging.
HIC: FIRRERE > R/ RARKE I (DA /AR R B I SH) o AR ERITIRESE, W)/ A AES: . Gauss
P ALY S R GRIEIRD o 9 R T AMESCF R 2 (R 3°FH) o

Q60 © EHE vs IRAIERAMF

EN: Direct methods (Gauss elimination): Solution time o< [N - B2 (IN = matrix dimension, B = bandwidth). Good for
small-to-medium problems, slender structures (small bandwidth), multiple load cases. Iterative methods: Reduced storage,
good for large problems, bulky structures (faster convergence), but unknown solution time and need resolving for different
load cases.

Bi3C: BBk (Gaussiiun) : SREENEIELLT N X B?, i/ N, K. S8 T %Rk ikt
AN, TEG R PURESH, ARSI LA AT TI60, A 5 lopy o B0 K i
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L9 — Isoparametric Formulation (Z52EJT)

Q61 1 "ZH(isoparametric)"BJE X

EN: "Isoparametric" means that the same shape functions are used to interpolate both the geometry (coordinates) AND the
displacement field:

e Geometry: x = »_ N;(s,t)zi, y = > Ni(s,t)y;

o Displacement: u = Y N;(s,t)u;, v =Y N;(s,t)v;

This is the defining characteristic: geometry and displacement use identical interpolation. If geometry uses fewer nodes than
displacement — "subparametric"; if more — "superparametric.”

H3C: S = USRI E E AR RS JUT: © =Y Nz, y = > Ny, fifs: u=
> Niui, v = > Nivjo XS HTOHYE SUEAFE .

Q62 1 471 RILAFE I %K

EN: The 4-node quadrilateral shape functions in natural coordinates (s,t) € [—1,1] x [—1,1]:

1
N; = 4_1(1 + 5i8) (1 + tit)

40

where (Si, ti) are the natural coordinates of node 1:

o Nyat(—1,-1): Ny = (1 —s)(1—¢)

e Nyat(+1,—1): Ny = 2(1 +s)(1 —¢t)

e Nzat(+1,+1): N3 = (1 + s)(1 + t)

e Nyat(—1,+1): Ny = (1 —s)(1 + ¢t)

Properties: N; = 1 at node ¢, N; = 0 at all other nodes; » , N; = 1.

S P SR EECY Ni = 3 (1 + si8) (1 + tit). [EokAsbratfe [—1,1) x [—1,1]. Npfedidint. 5
b N0 RN,

Q63 1 JacobianiE[%E

EN: The Jacobian matrix J maps derivatives from natural coordinates (s, t) to global coordinates (m, y):

E5-55 Sh :
=% Bl=|S&k ﬁf] o
o ot T D oY v
The derivative transformation is:

8Nz/6t o (9NZ/8y (9NZ/8y - 6NZ/8t v

Area transformation: dz dy = |J ’ dsdt.

HI3C: Jacobianffile J ¥4 1 SKALHT SR N AR SEC TinEreE =Y Wiz . Suekie 2R S8 -
I U< qRSH. HREH: dedy = |J|dsdt.

Q64 1+ |J[ > 0 BARESRH

EN: For a valid isoparametric element, the Jacobian determinant must be positive everywhere:
\J| >0 at all points (s, t) € [~1,1]?

|J| < 0 indicates:

e The element is excessively distorted or concave
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e One-to-one mapping between (s, t) and (.7:, y) is destroyed
o Interior angles exceed 180°

e Node ordering is wrong (not counterclockwise)

J| > 0is guaranteed.
ERERITIE AT MIPDAIE R X

For convex quadrilaterals with proper node ordering,

3 a [J] > 0 RESHUTHBIN A
Pﬂiﬂiﬂ%ﬂfbﬁﬁﬁ@ SFEHIE, |J) >0 Ezjﬁwﬁﬂo

Q65 @ |J| < 0 KPR L
EN: When ]J ’ < 0, the natural-to-global coordinate mapping is no longer one-to-one. This means:

1. A single point in natural coordinates maps to multiple points in global coordinates (or vice versa)

2. The element has "folded over" onto itself

3. Interior angles exceed 180° (concave quadrilateral)

4. The element stiffness matrix may contain negative or erroneous entries

5. Solution results from such elements are meaningless
Prevention: Maintain convex element shapes, use proper node ordering (counterclockwise), avoid excessive distortion.

|J] < O RREMST AR —X———HIT T &" 7, WAELI80° (MPYAFY) , WAL AT AE A S

jZ%ElHE 0, SRZETCE N WP REENIR BRI AT GEEPER) st B

Q66 @ 875 RN A T R R B ETT 5

EN: For 8-node quadrilateral (Q8, serendipity element), the corner shape functions are constructed through a correction

procedure:
1. Mid-edge shape functions (for nodes 5-8):
o Ny = %(1 — 32)(1 — t) (between nodes 1 and 2)
o Ng = %(1 + s)(l — t2) (between nodes 2 and 3)
o Ny = %(1 — 82)(1 + t) (between nodes 3 and 4)
o Ng = %(1 — 3)(1 — t2) (between nodes 4 and 1)
2. Start with the standard 4-node bilinear shape functions: N; = i(l + 8i8)(1 + t;t)

3. Correct each corner function by subtracting half of the adjacent mid-edge functions:

NN in - in -
1 — 4Vl 25 28 v

and similarly for Na, N3, Ny.
This ensures corner nodes still satisfy IN; = 1 at node ¢ and IN; = 0 at all other nodes.
H3C: Q8 UV R AU RE B HDEM IV s AL, TREMEIE: AT RUBR AL = 479 RO R AL — 1/2x (R8P
RIGERED. JXMIE T AT AL N = 1. HAl 1y 4k N = 0 (91T

L10 — Numerical Integration (¥({Ef4%)

Q67 17 GausstHOEE AR

EN: With 1 Gauss integration points, a polynomial of degree 2n — 1 is integrated exactly:

1 n
/ f(z)dz ~ Z W;f(z;) exact for f(x) of degree <2n —1
-1 i=1

4 @ )

Examples:
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e 1 = 1 (1 point): exact for linear (p = 1)

e 1 = 2 (2 points): exact for cubic (p = 3)

o 1 = 3 (3 points): exact for quintic (p = b)
H3C: nosd Gauss FUMRERAE] 2n — 1ikZ I 1RO, 2RO HI31K, 3RUBIISIK. 1X/2GaussTg HE
Newton-Cotes 5 525 FHR A5 A]

Q68 @ Newton-CotesFl/MHE &

EN: Newton-Cotes formulas use equally spaced sampling points. With 72 points, they are exact for polynomials of degree

n — 1 (or n for even N in some variants). This is much less efficient than Gauss quadrature for the same number of points.
Comparison: With 3 points — Gauss exact to degree 5, Newton-Cotes exact to degree 2 (Simpson's rule) or 3. FEM programs
generally prefer Gauss integration for efﬁciency.

F3C: Newton-Cotes AR i1, npifiifin — 1k (8inik) , RCRIE(K T Gauss. 3p5GaussiEffisik, 351
Newton-Cotes{UFEii2-31% . A BETEﬁEf'E@ﬁH Gaussfi 4}

Q69 @ Gauss vs Newton-Cotes X Lt

EN:
Feature Gauss Newton-Cotes
Sampling points Non-equally spaced Equally spaced
Boundary points sampled? No Yes
Accuracy (1 points) 2n — 1 degree n — 1 (or n) degree
Efficiency Higher Lower
Usage in FEM Preferred Rare (plasticity starting from surfaces)

Gauss is more efficient because it optimizes both point locations AND weights, while Newton-Cotes fixes point locations and
optimizes only weights. However, in some applications like plasticity where yielding starts at element surfaces, Newton-Cotes
may be used because it samples boundary points.

HI3C: GauSSﬁﬁﬂ BB R (BB HICAER) , K i & TR Newton-Cotes. AR ICIE5E F Gauss. {HNewton-
Cotes>RIEIL T AL, FEBME (NFRIITHREMRD HAa M.

Q70 1 4% FIASH REFES BTN LR

EN: Recommended full Gauss integration orders:

Element Shape function order p Full integration Gauss points
4-node 2D quadrilateral p=2 2x2 4 points
8-node 2D quadrilateral p=3 3x3 9 points
8-node 3D brick p=2 2x2x2 8 points
20-node 3D brick p=3 3x3x3 27 points

The requirement comes from: 2n — 1 > 2(p — 1), where p is the shape function polynomial order and p — 1 is the
approximate B-matrix polynomial order (after differentiation).

HSC: 45 EIUE: 2%2 Gauss (475) 5 8V APUMIE: 3x3 Gauss (955) . SE4 BN E S BTDB|J|
B4 I 20 T TR R4 o
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Q71 @ RB4iF 45 (Reduced Integration)

EN: Reduced integration uses fewer Gauss points than the full integration scheme:

Element Full Reduced
4-node quad 2x2 1 % 1 (1 point)
8-node quad 3x3 2 X 2 (4 points)

Advantages: (1) Lower computational cost; (2) Can alleviate shear locking and volumetric locking in certain problems.

Disadvantages/Risks: May introduce spurious zero-energy modes — deformation patterns that produce zero strain at all

integration points, leading to hourglass modes. The element has no stiffness against such deformation.
I RS = I e 2R DI Gauss il A0 TR/ FTERST DIBUEAIATR B, B "TRESIA
REBFRER (PIil) —— TR AN, WIEETCIEARGTZ R .

Q72 {» PIFHER (Hourglass Mode)

EN: Hourglass mode (also called zero-energy mode, spurious mode, or kinematic mode) occurs when an element deforms in

such a way that all integration points register zero strain and stress, yet the element has clearly deformed. The element

therefore has no stiffness against this deformation mode.

This most commonly occurs with reduced integration schemes (e.g., 1 X 1 Gauss for a 4-node quadrilateral). With only one

integration point at the element center, deformation patterns that preserve the center's shape produce zero strain energy at that

point.

Solutions: (1) Use full integration; (2) Use hourglass control algorithms; (3) Change element type; (4) Improve mesh quality.

3 IR = BT TR RV AR N E, BITHHZ A AR TE NI B . R I T 4795 kU IC Y LR TR
(RAFIL—IR D o MRTE: AP DS TR, SO RS B

Q73 1 ¥ vs MRS
EN: In displacement-based FEM:

o Displacements are most accurate, continuous across elements — primary unknowns

e Strains are less accurate (from displacement derivatives), discontinuous across element boundaries

o Stresses (00 = De) are similarly less accurate and discontinuous

o Gauss points give the most accurate stress/strain values (superconvergent points)

e Nodal stresses are typically obtained by extrapolation from Gauss points or averaging across adjacent elements
HIC: REEHER: R > AR > By (RS ESE, RLJI/RARAERTTIRIANESL . Gauss U IR AR fR il GRS
R o TR s MR- P15 2.

Q74 @ Gauss AL S HHERH K

EN: Gauss integration points are "superconvergent" points — the error in stress/strain at these points converges at a higher
rate than elsewhere in the element. For a 4-node quadrilateral, the 2 X 2 Gauss points give stresses that are one order more
accurate than at nodes. This is why commercial FEA software typically reports stresses at integration points and then

extrapolates to nodes.

H3C: Gauss ALY T3 HA I S "—— R 225 s R L H AR B — e ARV FEMER R B AR i1 5
J23, FERAMIERIT e X RN )T EP R AL TR AR A S A o

Q75 © N1
EN: Since stresses are discontinuous across element boundaries, post-processing often involves stress smoothing to obtain

continuous nodal stress fields:
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o Simple averaging: Op = L 27::1 agf) (average of all elements sharing node P)

m
. . = Z Aea'(e> .
e Area-weighted averaging: O0p = ﬂf’— (weighted by element areas)

This produces visually smoother stress contours for engineering interpretation.
HSC: PSS U & TR UL Y RO (TSl ARG, 15 BSR4
i, MTFLRew N =’

Q76 © 2K GaussTRA R ERAE

EN: For 1D Gauss quadrature with . = 2:

e Integration points: L1 = —1/\/§ ~ —0.57735, 9 = —|—1/\/§ ~ +0.57735

o Weights: W, = W, = 1.0

Forn =121 =0, W; = 2.

Forn = 3: 2z = {—0.7746,0,+0.7746}, W = {5/9,8/9,5/9}.

In 2D, the points are the tensor product: (s;,%;) with weights W; W.

H3C: 2fGauss: @ = +£0.57735, M HEK1.0. 35 « = {0,£0.7746}, & {8/9,5/9,5/9}. —4iikht
Bl 5 (i, t5), W& W; Wi,

L11 — Plate Bending (#x5Hl]) @ He&Ek%

Q77 @ HWRAIFH XA
EN: A plate is the 2D extension of a beam. Key differences:
e A beam resists bending about one axis; a plate resists bending about two perpendicular axes AND twisting
e Abeam uses 1D theory (U(m)); a plate uses 2D theory ('w(m, y))
e Beam governing equation: F'1 d4v/d:134 = g; Plate: DV*w = ¢
o Anplate is initially flat; if initially curved, it is called a shell
H3C: MORER AR SRR A, BHERNAIT R A R . 2R BT = q; TR
DV*w = q. WG PRI, FI55 A 2%

Q78 @ Kirchhof fEAR{E%

EN: The Kirchhoff (thin) plate theory is based on three key assumptions:

1. Normals remain normal — lines normal to the mid-surface remain straight and normal after deformation. This implies

zero transverse shear strains: Y, = ¥y, = 0.

2. Normal stress is negligible — the transverse normal stress is zero: 0, = (. The plate is in a state of plane stress parallel

to the mid-surface. Also, thickness change is neglected: €, = 0.

3. Membrane forces are neglected — in-plane (membrane) displacements of the mid-surface are zero: u(m, Y, 0) =
’U(:B, Y, 0) = 0. This is valid when the transverse deflection is small compared to thickness (w << t).
H3C: Kirchhof BB I ——(DIAZARIHEL: Yoo = Yy = 0 (BERSTVINE) 5 QIEAIRN 2 0, =0
CPHEIRE) , €. = 05 QI NARE: uo =v0 =0 UMEEw < 1) o XEEIEMTRAYEuler-

Bernoulliff{ i o

Q79 @ HREIE i NIEED

EN: The bending rigidity (flexural rigidity) of a plate is:
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Et?

a
D=_2"
12(1 —v?) :

Analogous to ET for beams. The factor 1 / (1 - I/2) accounts for the biaxial stress state in plates. ID has units of force x
length (e.g., N-m). Note the 3 dependence — doubling the thickness increases bending stiffness by a factor of 8.

i3 WEASHRE D = Et®/[12(1 — v?)], %080 EI. 1/(1 — v®) Bk BRI k. D EL
T3, RIBEREAISA. KR A

Q80 @ HEIEHITTTE

EN: The governing differential equation for Kirchhoff plate bending:

D 0w 5 0w tw\
Ozt + 0x20y>? + oy —1

40>

or compactly: DV4w = ¢, where V4 = V2V? is the biharmonic operator.
Compare with beam: ET d*w / dz* = g. The plate equation is the 2D biharmonic generalization.

30 BT D(Wasee 1 2Waayy + Wyyyy) = ¢ GUERITTE) o 203 EIw" =q. OyBEZ TR
B GHON 2W, gy, CRETIN NS M AT .

Q81 @ WALB

EN: Under Kirchhoff assumptions, the 3D displacement components are expressed in terms of the mid-surface deflection

w(z,y):
ow ow a
u(m,y,z) =25 v(m,y,z) =2 w(m,y,z) :w(x,y)
or oy v
The in-plane displacements % and v vary linearly through the thickness and are zero at the mid-surface (z = 0). The
transverse displacement w is constant through the thickness.
3 ALY u = —20w/0z,v = —20w/0y, w = w(T,y). FHAH u, v IHEELERL (FEH
), B w R REAE. XEEEOTRN = —ydv/d.
Q82 @ RGN ARRR
EN: Plate curvatures are defined as:
0*w 0*w 5 0*w a
Kk, == —— K, — ——— K —_ — .
’ ox2’ Y oyr’ O0xOy v
The in-plane strains at any distance 2z from the mid-surface are:
a
€z = 2Ky, €y = 2Ky, Yoy = ZKgy -
The strain varies linearly through the thickness (zero at mid-surface, maximum at surfaces z = =+t / 2).
EPY: EE% K';z: - _w’zw9 ’iy - _w7yya K’zy - _2w7;1:y0 E’QE:Z x EHE{%’ 7{:}@}??&“@3%\@ (%{U\%Eq g =
—yv") o EEMELE.
Q83 @ TiE-HFRXR
EN: The bending and twisting moments per unit length are:
Ma} 1 v 0 Ky a
M, ;=D |v 1 19 Ky ]
M,, 0 0 52| |kyy -
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where M, = ffﬁz opzdz, My, = ff{jQ oyzdz, My, = ijZ Toy2 dz.

The moment-curvature material matrix has the same form as the plane stress D-matrix but multiplied by D instead of

E/(1—-1v?).
i3 MR = 3% < DR WsURFR Y DR, BETH D = B /[12(1 — v%)]) o My, My 2
KIEREHE, Moy REAAC R .

Q84 @ METHENREHE

EN: A plate bending element has 3 DOFs per node:

w; a
{di} = q Oui 0
Gyi v

where:
e w; — transverse deflection
o 0 = +0w / 0y — rotation about the x-axis
o 0y; = —Ow/0x — rotation about the y-axis
A 4-node rectangular plate element has 12 DOFs total (4 X 3 = 12).
W30 MREATTAETN3NDOF: B w. Sixdiliihfh 0, = +0w/0y. Leyihiiifi 0, = —0w/Ox. 4145 E R
JCAE124DOF. 13 0, 19115

Q85 @ HREVI2IALH LK

EN: For a 4-node rectangular plate element, the transverse displacement is interpolated with a 12-term polynomial:

w = a1 + a2z + a3y + asx? + aszy + agy’ a
+ a7m3 + agzczy + aga:y2 + a10y3 l
+ a11w3y + a12$y3 v

The 12 coefficients are determined by the 12 nodal DOFs (4 nodes x 3 DOFs each). Note that the polynomial is not complete
— the w2y2 term is missing (a complete quartic would have 15 terms). This incompleteness means the element may not

satisfy inter-element slope continuity (C' compatibility) on all edges.

WSO BURICAIR 2T A 12050 (W R 12/NDOF) o TERESD 22y? Hi— 12T S W R R 522 TR (54 Tk
15T0) o IXGEOZATCAERLEH PR ECHESNE (RIEARELE) , BHCATTH G 5.

Q86 © T HIFHT KT

EN: For a plate under distributed transverse load q(:L‘, y), the equivalent nodal forces are:

{F} = /A [N, |7 q dx dy 3

where [N s] contains the shape functions corresponding to the transverse displacement DOFs. For a uniform load, the
equivalent nodal loads include both nodal forces AND nodal moments (analogous to the fixed-end moments in beam elements

under uniform load).

H3C: BRI, S OB A S CRIRIER ) o i Fy = [ NTqdA B
#,

Q87 © FHHIE

EN: A plate is considered "thin" (Kirchhoff theory applicable) when:
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b2 t<b,t -
E<E or <<,<<C v

where ¢ is the thickness and L (or b, ¢) is the characteristic in-plane dimension. If the thickness is larger, transverse shear

deformation becomes significant, and Mindlin-Reissner (thick plate) theory should be used instead (which includes 7y,,, and
Yyz)-

H3C: bR ¢ < L/10 RESR/NTR AR o SRR, BEADY I AR Al 20, FMindlin SR
I/B (:%fgﬁ)/mz”)/yz) °

Q88 © WAL S-RIER R

EN: Under the Kirchhoff plate assumption (6, = 0), the in-plane stresses are:

a
o, = (6, +vey), o,= —Vz(sy +vey), Toy = Gy -

1— 2 1-—
where G = FE / [2(1 + 1/)] This is identical to the plane stress constitutive law, applied to each layer through the thickness.

HSC BRI )-RiAE 5 2 = TR AR (Fh o, &~ 0) o EGANEER F o = B/(1—v%) (60 +
vey) 5. BORMAHMIERN ETFRE (2 = +t/2) .

L12 — Nonlinearity (JEZeitk) @ HEHURHY K

Q89 @ =3RIRLMRIK
EN: The three major sources of nonlinearity in FEM:

1. Material nonlinearity (#18ldEZk{4) : The stress-strain relationship is not linear — plasticity, hyperelasticity (rubber),
creep, damage. The tangent modulus changes with strain and loading history. & = f (s, history).

2. Geometric nonlinearity (JLfaJJE£&{:) : Large displacements, large rotations, or large strains. The strain-displacement
relationship includes quadratic terms (Green-Lagrange strain). Equilibrium must be established on the deformed
configuration. Stiffness depends on displacement.

3. Boundary nonlinearity (GHH3EZEE:) : Contact and impact problems. The contact status (open/closed/sticking/sliding)
changes with loading and is unknown a priori. The response is non-smooth.

I ZRARSMRIE—— (DM REEZ s BO- AR RAR L (R BOR e, IR i) 5 @JLA
ARl RO RFEEN/ RIVAE, AR R ARG O, “PETRES S ELIVRIIE Ly ()AL e/l
f/REE, HERIOIRAS B N (L HAR R o

Q90 @ £tk vs JELAEATHI SRS XH

EN:
Feature Linear Nonlinear
Governing equation Ku=P K(u,t)u =P(u,t)
Stiffness matrix Constant Depends on displacement, time, state
Scaling of results Yes (proportional) No (cannot simply scale)
Superposition Valid Not valid
Solution method Solve once Incremental + Iterative
Cost 1x 10x to 1000x linear analysis

HOC Zebh: KONERL, SO0 RIS, SINERGL, EHEORME; ARt KEERR/I MRS, AL
A, BIEEEAESL, WA . ARLIED TR = JL B TR .
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Q91 @ JLMTHEL kI Green-Lagrange [y 3¢

EN: For large deformation problems, the linear strain £;; = %(ui’j + ujﬂ') is insufficient. The Green-Lagrange strain

tensor includes quadratic terms:

3

L 1 Ou;  Ouj n oy, Ou,
v 2 6:1?j 8:31 8%‘1 (’kaj

40 )

The underlined term %‘"‘ %ﬂ is the nonlinear (quadratic) term that accounts for large deformation effects. It couples
i J

different displacement gradient components.
30 KA T, ARG, FiMGreen-Lagrange iy (frRrfbBhAEM —yion Gom Glm) o eyt kds
TSRO . /NI —IUT 220 , JBAL R 725

Q92 @ EAEBIA 425 FMER IR L F

EN: Contact problems are among the most difficult nonlinear problems because:

1. Unknown contact region — the contacting area is not known a priori and changes during loading

2. Discontinuous normal velocity — when contact is established or lost, the normal velocity jumps

3. Non-smooth friction — stick-slip transitions cause tangential velocity discontinuities; friction force changes direction

abruptly

4. No-penetration constraint — the inequality constraint g5y < 0 (gap cannot be negative) must be enforced

5. Multiple status changes — each contact point can switch between open, sticking, and sliding states
HRSC: A D HE (DA DBOR A ELBE IR 1L s QIR IR BEAN S (R oA R ) 5 ()
ARG CRiE-M ShBAIN DI I RAE) 5 (DA ZEEZIR gy < O FFGlili2 s O) Ml (T 7R =75
[EIR7IE A

Q93 @ X (Master) vs M IH (Slave)

EN: In contact modeling:
e Master surface (F=Jf]) : Typically the stiffer, rigid, or coarser-meshed surface
e Slave surface (M) : Typically the softer, deformable, or finer-meshed surface
Rule: Slave nodes cannot penetrate master segments. The slave surface should have a finer mesh to accurately resolve the

contact pressure distribution. The master should be the surface with the stiffer material behavior.

- G X1l U R A U R 5w S D N TR S N R St N TR W N % e 111 RN 1] 9 A k2 R
AT RS T o 25 AT 2 B — ]

Q94 @ Coulomb AR

EN: The Coulomb friction model states that the tangential contact traction ¢ is bounded by the friction coefficient 4 times

the normal contact pressure:

tr| < plty]

Two states:
o Sticking CK§#&) : |tr| < p|tn| — no relative tangential motion
e Sliding () : ]tT| = ,u,|t N‘ — relative tangential motion occurs; friction force opposes the motion direction
The stick-slip transition makes the tangential response non-smooth.
H3C: CoulombfEHE: DI AR px k7. Kight [tr| < wplty| GBSz 5 W [tr| = plty| (F
BINAMIR) o MG BB BN .
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Q95 @ Newton-RaphsonJ5 i

EN: The Newton-Raphson (N-R) method solves nonlinear equations R(u) =P - Fint(u) = 0 iteratively:

K9 Au® — RO

4 b 4>

where K7 = OF;,,; / Ou is the tangent stiffness matrix and R is the residual (imbalance between external and internal
forces). Iteration continues until || R|| < tolerance.

Advantages: Quadratic convergence near the solution (very fast).

Disadvantages: Must recalculate and factorize KK each iteration — computationally expensive. May diverge if initial guess
is poor.

HISC: N-Rigkft: FAOIZeNI R Ky sRARMIRS I, SRR, Bzl Al JEARI ol ()

P 5 B BOERTE ERIZNIE GTHEER) , AMEAL ATREA L

Q96 @ Modified Newton-Raphson vs N-R

EN:
Feature N-R Modified N-R
Tangent stiffness update Every iteration Less frequently (e.g., once per increment)
Cost per iteration High Lower
Convergence rate Fast (quadratic) Slower (linear)
Total iterations Fewer More
Best for Highly nonlinear problems Mildly nonlinear problems

The trade-off is between the cost of updating K7 and the number of iterations needed.
H3C: N-REFJOGEARE T OIZNIE (SHEELHR) ; mN-RATE (HATEZIEA) « ABURHHERAS L
AL SRAAFZME FIN-R, 55 9FE I mN-R ] REEE =40

Q97 @ HEE-EARMEHEME

EN: The standard approach for nonlinear FEM analysis is the incremental-iterative strategy:
1. Divide the total load into increments: P1, Po, ..., Py,
2. For each increment, apply the load step AP
3. Iterate within the increment using N-R or modified N-R until convergence
4. Update state variables (stress, plastic strain, contact status, etc.)
5. Proceed to the next load increment

This avoids the divergence that would occur if the full load were applied in one step. Each increment can be thought of as a

"small" nonlinear problem.
HSC: R = FEMEARZ M SRAR AP SRING o S BT o Botin, £ B FIN-R/mN-RE ARSI JXFf S )
G — AN A BT B R X2 A R FEMAR R AL FRAE LM RO B AT 35

Q98 © N-RATRERBHIIESL
EN: Newton-Raphson may fail to converge (diverge) when:

1. The tangent stiffness K7 becomes zero or negative (e.g., snap-through buckling, strain softening)
2. The initial guess is too far from the solution

3. The load increment is too large for the degree of nonlinearity
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Special techniques: arc-length methods (Riks method) for snap-through; automatic time stepping; line search methods.

HSC: N-RYEDA FARSLAT AR NG BIZMIBEAS2okds 61 (BRI fisnap-through, FIASBKIL) « FIMEAZ. SLAEMEt
Kok XS MKHRIks) BIBRSK. LAEE.

L13 — Thermal Stress (3w 1) @ HEHEARFE

Q99 @ HMEARRK

EN: The thermal strain caused by a temperature change AT for an isotropic material is:

0 a
5ij = aAT 5” v
where ¢ is the coefficient of thermal expansion (CTE) and 5¢j is the Kronecker delta. In vector form for 3D:
¢ 1 W a
1
1
e’ = aAT
0
0
(0) v

Thermal strain is purely volumetric (equal normal strains, no shear strains).

B30 MR €Y = aAT 650 S RFMERRIF, HysAs A A
NE . KB EH AT

SHMIENEMRE (@AT) |, 3R

Q100 @ HHAWIKR B LN S1?

EN: No. Free (unconstrained) thermal expansion does NOT produce thermal stress. The body simply expands/contracts

without developing internal forces. Thermal stress arises ONLY when:

1. Thermal expansion is constrained (e.g., fixed-end bar)

2. There is a temperature gradient within the body (differential expansion)

3. The structure is made of materials with different CTE (<) values

Classic example: A bar fixed at both ends develops compressive stress 0 = —FEaAT when uniformly heated.
3 HHPEIRAEESN T AR MR SRR R R, AT T 2
WissE AT S FHR — JER ) 0 = —EaAT.

Q101 @ HFHMAMIKR

EN: With thermal effects, the constitutive relationship becomes:

a
o =D(e— &)
v
where € is the total strain (from both mechanical and thermal effects) and €Y is the thermal strain. The quantity € —
el = €m is the mechanical strain — only this portion produces stress.

B30 pat AR o = D(e — &%), By e MENNAE € BN L €n, FAPIRNAA TR . X
R I T4y T A

Q102 @ HFERT RN

EN: The thermal effect enters the FEM equations through the thermal equivalent nodal force vector:
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e = / BT'De’av
V.

e

40>

The element equation becomes: ked, = f¢ + frfw
where £ is the mechanical load and £¢, is the thermal load. After assembly: Kd = F + Fp.

e g £ = [ BTDe AV . susihib S kA ), SRR XA
TIFEMHIZIL AT

Q103 @ —#MFRERIT RS

EN: For a 1D bar element with constant E/, A, ct, AT

f; — EAQAT {_11}

40>

These forces act in opposite directions at the two nodes — like a pair of forces trying to expand the element. If the bar is

constrained (both ends fixed), these forces produce reactions and internal compressive stress.

S0 A FFEROTIERC ) = BAeAT{—1, 17 Wit k/Mass. Iy, B T, 2 4F Hi
2y, WA R IER I

Q104 @ Wi¥i[E STH S FHRAT I B )

EN: For a bar fixed at both ends with uniform temperature increase AT":
1. Free thermal strain: €* = AT
2. Due to fixed ends, total strain: € = 0

3. Mechanical strain: €,, = € — eV = —aAT

4. Thermal stress: | o = —EaAT |(compressive)
End reaction: F' = E AaAT (at each support).

The negative sign indicates compressive stress — the bar wants to expand but is constrained.

3 WE S THE - 0 = —EaAT (JERH) o FREBKERLER — 25N . sasih F =
FAaAT,

Q105 @ ~FERLS] vs PR IR R

EN: The thermal strain vectors differ between plane stress and plane strain:

1
Plane stress: €0 = a AT { 1 ; (2D vector, £, exists but is not explicitly modeled)
0
1
Plane strain: €° = (1 + V)aAT 1 % (note the (1 —+ 1/) factor!)
0

The (1 + v) factor in plane strain arises because the constrained £, = 0 condition alters the effective thermal expansion in
the modeled plane. This is a common exam trap!

X AL B PR R aAT{1, 1,0} sEmR s (14 v)aAT{1,1,0} (27
(L+v) W7 ) o JRRREFENAT e, = 0 MZIRUEE T 18 N A R K

Q106 © HIXFRASAE

EN: For axisymmetric problems, the thermal strain includes the hoop direction:
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o
0 — AT { 1 ? corresponding to {e,, ., €g, Yrs} "
10} v

All three normal strain components get the same thermal strain AT

H3C: H R = AT{1,1,1,0}7, @aERms . A ERES &S aAT.

am» >

Q107 © RS ST EAT RS TR

EN: Standard procedure for thermal stress FEM problems:
1. Determine temperature change AT’

. Write thermal strain: €° = o AT

. Write thermoelastic constitutive law: @ = D (g — 60)

. Write shape functions IN and B-matrix B

. Compute stiffness: ke = f B'DB dV

. Compute thermal force: f7 = [ BTDe® dV

. Assemble: Kd = F + Fp

. Apply BCs and solve for d

. Post-process stress: 0 = D(Bd — €°)

X OB E—EAT>E PV A5 A —ENFIB—F N E—F R KB - INBCR i — [F AL . K2

RSN, £ 7 ST AR

O 0 3 N L B~ W

L14 — Heat Transfer (3f&5) © k&A%

Q108 © Fourier#fE R ER

EN: Fourier's law of heat conduction in 1D:

dr
dx
where g, is the heat flux (kW/m?), K, is the thermal conductivity (W/m/K), and dT"/d is the temperature gradient. The
negative sign indicates heat flows from hot to cold (down the temperature gradient).

H3C: FourierEf: M ¢p = —SFARBOGREREE . PE M ERFEAIGE (715) « KIYRALZEW/mM/K, JX2H
e RIEAE

40D

qz = _wa

Q109 © RAEHEIHE

EN: Steady-state heat conduction (no time dependence, dT'/dt = 0):

10: Ko &k +Q—0

2D (orthotropic): K, W + K, 2L L Q=0

where (Q is the internal heat generatlon rate per unit volume (kW/m?).

3 fags (dT/dt = 0) #uvk S E——ID: K, T" +Q =0; 2D: KTy + Ky Ty +Q = 0. Q2
WRIE. RS PRl T GRE) ou () .
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Q110 © R FHFEMEALR

EN: In heat transfer FEM, the primary unknown is temperature 1" (analogous to displacement % in structural FEM). The

element equation has the same form:

k. Tq =P,

where k, = element conductivity matrix (analogous to stiffness matrix), Ty = nodal temperature vector, P, = element

4»

thermal load vector (internal heat generation + surface heat flux).

HI3C: G SFEMIYEEAAS R RIR LT CRICSIFEMIY B ) « BIC i FE U keTa = Pe, "NIEEA
B AR IR AR, " AR AR AT o

Qi1 © A f&FBREERIE

EN: In heat transfer FEM, the B-matrix maps nodal temperatures to temperature gradients:
0T /0x
/ =BT,
0T /oy

This is analogous to the strain-displacement B-matrix in structural FEM: € = Bd. The conductivity (stiffness) matrix is

k. = f hBTKB dxdy, where K = K
0 Ky

HSC: vl S BRIREAS Y R T R BB (A IFEMI R 5 BRRE) o ke = [ hBTKB dady
, Kig SRR

} is the conductivity matrix.

Q112 © PfERMAFM

EN: Two types of boundary conditions in heat transfer:
1. Specified temperature (Dirichlet): T = T on S (analogous to displacement BC)
2. Specified heat flux (Neumann): @, = K. g—fgnx + Kyy%ny on S (analogous to traction BC)

H3C PR S——(DIREIR L (Dirichlet, KEMEBC) ;5 (FFEMH (Neumann, S JIBC) o #uf = &
ARBL < RBERBIE - R I

Q113 © PYELIFMLEFEMAKLL

EN: The FEM procedures for heat transfer and structural analysis are completely analogous:

Structural Heat Transfer

Displacement © Temperature T

Strain e = Bd Temperature gradient VI = BTy
Stress 0 = De Heat fluxq = —KVT

Stiffness k = f B'DBdV Conductivity k = f BTKBdV
Force F Thermal load P

The same element types, shape functions, isoparametric formulation, Jacobian, Gauss integration, and assembly procedures

are used.

FR3C: WA AR R o WM oL SR AR
$71:§'§if'é~ %ﬁl ffé'}ﬁﬁé GauSﬁ ﬁ\%‘KTuE?ﬂ%ﬁﬁo XEFEMY 2 2 Yy L, i He ko

L15a — Vibration & Dynamics (831531 /1%) © H&ERE
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Ql4 © ZHHEBIHE

EN: The equation of motion for a multi-DOF structural system is:

Mii + Ca + Ku = f(t)

Physical meaning: Inertia forces + Damping forces + Elastic forces = Applied forces
o M — mass matrix (from kinetic energy)
o C — damping matrix
o K — stiffness matrix

e U U— displacement, velocity, acceleration

H3c: Fhike: M+ Ca + Ku = (). B+ S+ 3 1= 1. M BTRERE, CRILBEM, Ki
WIEEREFE o SRR LB S A A BEA TR

Q115 © FMJBH HiRzh

EN: For undamped free vibration (f = 0, C = 0):

Mi+Ku=0
Assuming harmonic motion u(t) = ¢sin (wt), we get the generalized eigenvalue problem:
9 o a
(K —w*M)¢ =0 :

For non-trivial solutions: det(K — w?M) = 0. This yields n eigenvalues w? (squared natural frequencies) and 1

eigenvectors d)Z (mode shapes), where 1 is the number of DOFs.

W3 LR H FiRsh — e (K — w?M)¢ = 0. n/DOFst /A HEAIn M. 450
it det(K — w?M) = 0 skfi#.

Q116 @ £ vs — SRR

EN: Two types of mass matrices:

Lumped mass matrix: Mass is concentrated at nodes — diagonal matrix. For a bar element: M = % [0 1] . Simple,

computationally efficient.

Consistent mass matrix: Derived from the same shape functions as the stiffness matrix: M = [{, pNTN dV . For a bar

element: M[ = 24L

2 1
6 [ } . More accurate for a given mesh, but non-diagonal.

1 2

The consistent mass matrix follows the same formulation philosophy as the stiffness matrix (hence "consistent").

o MR EHERE = R RRHEET ), IHERCRE; Btk = [ pNTNAV (5 RIS (S
2 1

FMRRVRED , EHaEdfr. FFaTe— S it = 255 [1 2] .

Q117 © BEHFMBAR

EN: For a single-DOF system, the circular natural frequency is:
k a
w=4/— [rad/s] v

For a fixed bar: w1 = % \/% (first axial natural frequency).

The cyclic frequency: f = 5= [Hz].

For MDOF systems: w; = 1/ \; where \; are eigenvalues of K¢p = AM¢.
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H3C: EEDOFE AR w = /k/m (¥firads) ; 4% f = w/(2m) (Hz) . ZDOFR%: w; it LR

fift o

Q118 @ KM S EM AT R

EN: In FEM dynamic analysis, lower modes (smaller w;) are more accurate than higher modes. This is because:
e Lower modes have longer wavelengths, requiring fewer elements per wavelength for accurate representation
o Higher modes have shorter wavelengths, and the FE discretization cannot capture them well unless the mesh is very fine
e A rule of thumb: at least 6-10 elements per wavelength are needed for acceptable accuracy

For a given mesh, only the lowest 1 / 3ton / 2 modes are typically considered reliable (12 = number of DOFs).

I ARBTHES MIE) EI RS, FOVIRN A Kk, ARTERHA S RIS,
TRBEA T . SR MRG0T S, 0 SRR 133 2B 4

Q119 @ NfABiZ(Rigid Body Modes)
EN: Rigid body modes correspond to w = 0. These represent motions that produce no strain energy — pure translation or
rotation of the unconstrained (or insufficiently constrained) structure. In a free-free vibration analysis:

e A 2D structure has 3 rigid body modes (2 translations + 1 rotation)
e A 3D structure has 6 rigid body modes (3 translations + 3 rotations)

Practical use: Rigid body modes can be used to check the FE model — unexpected zero-frequency modes indicate

mechanisms, missing constraints, or disconnected parts.

B3 WIS Y w = 0 (ERAZRERIZSN) « 2DA3IRIARSS (2P3+1565)) , 3DA6A. M TH AR
— 2RI AI SO R EGE AR R

Q120 @ HESALH KR/ NEWHET X

EN: In normal mode analysis (eigenvalue analysis), the magnitude of the eigenvector has NO physical meaning — only
the shape (relative proportions between DOFs) matters. Eigenvectors can be arbitrarily scaled. Common normalization:
¢?M¢l = 1 (mass normalization) or set the maximum component to 1.

RS RIS, B R/NCEE L, HATEIR (SDOFRYAEX L)) AR L. ATLMERSN. & IH—:
Tk ¢ Mg, = 1, skt hl .

Q121 © HEFSIER M
EN: Mode shapes satisfy orthogonality with respect to IM and K:
T _ T _ . .
®b; M¢j =0, ¢; K¢’j =0 fori#j
Mass-normalized: ¢ Mp; = 1 and @) K¢p; = w?.
Orthogonality enables modal superposition — the response can be expressed as a linear combination of mode shapes.

B30 ARBES K TMAKIER . IEHEE RS EINTABCIATEE (RGN = SRS LA A) « X2
AR OB LR = i

4>

Q122 © [HJBHARayleighfH 8

EN: Damping ratio: { = ¢/c¢, where ¢; = 2V km = 2muw is the critical damping. Structural damping: 0 < ¢ < 0.15,
typically 1-5%. For small damping: wgq ~ w.

Rayleigh (proportional) damping: C = oM + BK, where o and 3 are determined from: {; = 52 + 'E% This form

preserves modal orthogonality and is convenient for FEM implementation.
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H3c: BB ¢ = cfce, SEHIBHEZI1-5%, /INHET wy ~ w. Rayleighflg C = aM + BK {45 7 A FAS
P, JRFEMAT R AR e AL

L15b — Weighted Residual Method (HIAXFR{EE:)

Q123 @ FEMJjREHESTIIEA I LF?

EN: Methods to derive FEM element equations:

1. Direct equilibrium method — suitable for simple 1D elements (springs, bars)

2. Energy methods — Principle of minimum potential energy (elastic materials), Castigliano's theorem, Principle of virtual

work (any material)

3. Variational method — find a functional equivalent to the PDE

4. Methods of weighted residuals (MWR) — most general, applicable to any PDE-BC system
The energy method and MWR are the most widely used. Galerkin's method (a type of MWR) produces identical results to the
variational method for self-adjoint problems.
WG RO (D BRSNS (RIERIDEIT) ; Q)RERTE (BuNAREEE. EIEE) 5 Q)&aE (Fiz
BK) 5 (WINBURMEZ: (B, @& TAEMPDE) o Galerkini%s (MIAGRETER—F) Xt B AEBERA S T2 505

Q124 @ IR vs FHEX

EN: Strong form — the governing PDE must be satisfied at EACH material point. This is a very strict requirement. Exact
analytical solutions are often impossible.

Weak form — the PDE is satisfied in an integral (weighted average) sense: fV W - R dV = 0, where R is the residual
(error) and W is a weight function. This is a "big release" — it allows approximate solutions where the residual at individual
points may be non-zero, as long as the weighted integral over the domain vanishes.

FEM is based on the weak form. The weak form also naturally introduces boundary conditions through integration by parts.

H3C: SRS = TSR EPDE. CRT™ %, A i AN AT 3L = FEMR B L Ll 2PDE  (
JW-RdAV =0) , s’eirsiifiks LB A%, FEM?&?%@%/JCO ISR FAR A A ARTI A B IE
o

Q125 @ WA ABRIETE

EN: Four variants of MWR, differing by the choice of weight function W:

Method Weight Function W Description

Collocation Dirac delta Set R = 0 at specific points (collocation points)
Subdomain W = 1 on subdomain Set integral of R over subdomains = 0

Least Squares W = 0R/da; Minimize [ R2dV w.r.t. unknown coefficients
Galerkin W; = N; (shape functions) Use same functions for trial and weight

Galerkin is the most commonly used in FEM — it produces symmetric matrices and, for self-adjoint problems, yields the

same result as the variational method.

RS VOB R GRRAERESUA0) « 7k (FHiAREUNAH0) « /b ik (B MERZRL)
Galerkini; (RUPRE=ERE) - Galerkingr iy [, FEXMFRIERE, SN TS,

Q126 1> Galerkin 5K E X

EN: In Galerkin's method, the weight functions are the same shape functions used to approximate the solution:
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/Ni-R(ﬁ)dV:O, i=1,2,...,n
1%

40>

where R(fl) is the residual obtained by substituting the approximate solution . = Z N, j dj into the governing PDE.

This yields 1 algebraic equations for the 72 unknown coefficients. For the bar element and beam element, Galerkin's method
produces the same stiffness matrix as the energy method.

B30 Galerkini: = AT BAUMLERSL, TREEZIMBFS NE: [ NiRdV = 0. 18556 FARM RIS
JikEe MAFANZE, Galerkiniki A (I B AR S RER R E 22— 2.

Q127 @ fAERE K&

EN: The weighted residual method is the most general approach to deriving FEM equations. Unlike the energy/variational
method (which requires a functional — only exists for certain PDE types like elasticity and heat transfer), MWR can be
applied to ANY partial differential equation with ANY boundary conditions, even those without a known variational
principle.

This generality is a major advantage of MWR/Galerkin's method and why it is the preferred approach in modern FEM.
W30 IIBGRAE TS Aol IV FEMAE ST 15 . RERNE/ R IMETEAIZE ((UFAETHIEREL e FERES
), IMMWRIE ] TAEPDENI F A G o XRi T EMWRAY R

Q128 © Z¥FFRIFEGalerkinikHHIVE

EN: Integration by parts in Galerkin's method serves two critical purposes:
1. Reduces differentiation order — transfers derivatives from the trial function to the weight function, allowing the use of
lower-continuity shape functions (e.g., C° elements for a 2nd-order PDE)

2. Introduces boundary conditions naturally — the boundary terms from integration by parts correspond to natural

(Neumann/force) boundary conditions. Essential (Dirichlet/displacement) BCs must still be enforced separately.

L L L :
Example for bar element: fO NZ%(AE%)d:C = NiAEg—;”O — fO AE% %d:ﬂ. The boundary term NiAEg—Z

corresponds to the nodal force.
B30 IR PR E I ——(D R Rl R B SR R 2R b, BT s BGEZEME I ZOR ;. )51
RGN BB RL SR (1) BARENE FFRThl T R N;AE du/dx X3R5 77

Q129 © Galerkin vs Wit fiEkE EEXT

EN: Galerkin's method generally provides better accuracy than the collocation method for the same number of unknown
coefficients. In a standard 1D example (u” + u + z = 0, u(0) = u(1) = 0):

e Collocation (1 point): ~21.7% error

o Galerkin (1 unknown): ~0.2% error
This is because Galerkin uses information from the entire domain (through integration), while collocation only enforces the

equation at isolated points. Galerkin's method "averages" the error in a way that minimizes it globally.

H3C: Galerkink i & TG A k. R Galerkinfl FHEEAMEIEE (FU4) , B stid HAEI7 s 2 Ty e
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